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formula of Van der Pol and a problem concerning the ordinates of the

trivial zeros of Riemann's zeta function

an de Lune

RACT

This report mainly deals with Van der Pol's identity
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some of its generalizations. One of the proofs of the above identity

5 quite naturally to the question whether the set of non-trivial zeros

o]
.emann's zeta function contains any arithmetical sequence {c-knxl}n_l,

> 0 and A are fixed positive numbers. Some evidence will be given that

a sequence does not exist.







INTRODUCTION. In 1950, VAN DER POL [9] stated
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‘his report two proofs will be given, one of which leac
0 the question whether the set of non-trivial zeros of
arithmetical sequence {oc + nxi}:=l, where o and A are

ers. Some evidence will be given that such a sequence

VAN DER POL's IDENTITY

Because of the identity
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(1.2) ] ——=1-—1—, (x > 0).
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e 2" 1
(1.4) I ——— =5, (x > 0),
n=-o 2°x
e + 1
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obtains
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from this, using Euler's formulas for sin z and cos z, it is
that (1.2) holds.
It is well known that (1.6) may be used to prove the functi
tion for ¢(s), by observing that the function
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elf-reciprocal for sine transforms, i.e.
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well known result, often proved by means of complex integra
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is crucial in (1.8) may be obtained directly from (1.7) as is shown
HROTER [ 3 > P. 204]. Putting things together we get, following

MARSH [ 8 , p. 23], that the functional equation for z(s) may be based
t entirely upon (1.7).

ANOTHER PROOF

[n order to prove (1.5) directly, define f : R -+ R by
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y £ is periodic with period 27. It is easily seen that f is continuously

‘entiable onR so that f may be represented (pointwise) by its Fourier
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Since the Fourier series
f(t) = 1, for all

is equivalent to (1.5).
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3. A GENERALIZATION

In the previous section it turned out that the periodi

f(t) = J —2 ,  (teR)

is actually a constant. The question arises if there are an
of a similar type with a constant sum.
In this section we will only consider the functions f

defined by
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where t ¢ R and o,8 > 0.

It is easily seen that the functions fa 8
H

* are well defined on R
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* may be represented on R by their Fourier series,

lefore carrying out any Fourier analysis on the functions f

‘how directly that there are indeed some constant functlons i

rom the case a = B = log 2.
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value k.
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one must have (1-21—S)c(
[~function has no zero's

It is also well know
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he theorem. [J

THE CASE 0 < % <1

Let us consider the
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» because of the well known fact that the
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al to one of these zero's. From this it
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The average value of ¢ is
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where A1 = I'(o)n(o). Hence, if ¢ is constant, as a functi

A

o(t) = 5 for all t ¢ R.

Let us first consider the simpler case
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We will show by means of a complex function argument that

for any choice of ¢ between 0 and 1.
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splacing eBt by x (> 0) we get
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nce 0 < o < 1 the analytic continuation of the right-hand side yields a
lti-valued analytic function whereas the left-hand side is a single va-

ed analytic function with simple poles in s = —eBn, (n € Z) and a non-

>lated singularity in s = 0. From this we conclude that the left- and th

sht-hand side cannot be identical on s > 0, showing that wa B(t) is not
3
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We now return to the function ¢ and suppose that ¢ is constant
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e analytic continuation of the left-hand side is again a multi-valued
alytic function with only one singularity in s = 0. The right-hand side
ems to have no analytic continuation at all across the negative real

is. However, we are not able to prove this. We therefore state

VJECTURE 1. The set of non-trivial zeros of z(s) does not contain a

juence of the form {o + i} (c >0, A >0).

n=1’

s conjecture is the first step in the direction of

NJECTURE 2. The ordinates of the non-trivial zeros of z(s), lying in
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the upper halfplane, are linearly independent over Q.

temark. In [1, pp. 18-25] BOAS and POLLARD discuss functions
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would have another example of (#), namely
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In section 4 we proved by a complex function argument that

3 >0and 0 <2< 1, then
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It seems to be worth the effort to prove this fact in as -

t ways as possible in order to discover a method to prove co

Therefore, in this section we will prove once more that ¥

astant (for all o, B > 0).

Let a,B and § be positive constants and assume that
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Hence, only considering the term corresponding to n = 0, we see that
a
o ==
( B)

k -8t

5% °F < Co(140) (240) ... (k-1+0)t 0K

oY
65 TOELTMK L 05 (140) (240) ... (k-1+0).
Jow let t = Eig. Then we obtain
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- 0(1+%+...+ EéT) - olog k
< Cok™ e .

ow observe that
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11 1 '
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wever, it is easily seen that the last inequality is false if k is
rge enough.
The above method of repeated differentiation, applied to the function

(see p.8), did not yet lead to any proof of conjecture 1. However,
,8 P




ring to do so we obtained some results which are interesting

ves. They will be described in the next section.

SOME REMARKS ON THE FUNCTION l

ex+1
1

e +1

Let £(x) = . Then we have

k+1 ¢
position 6.1. f(k)(x) = Z _k,r

T ° where the coefficients
r=1 (e"+1)

(k = 0,1,2,...5 1 s < k+1) are integers satisfying

r

= (-1hk -t
1) Ck,l = (-1), ck,k+1 k:
2) Crrt,r = FTDC pop T T

of. Mathematical induction. [J

k+1

. el _ r
tnition. Pk(z) = rgl ck,rz .

rosition 6.2. P = z(z-l)Pi(z), (k = 0,1,2,...).

er1 ()

of. This follows easily from (6.2). [
k+1

rosition 6.3, z Crp = 0, (k=1,2,3,...).

,T

r=1

>f. Mathematical induction, using (6.2). U
k+1

osition 6.4. ) re, _ =1, (k=0,1,2,...).

r=1

»f. Since Pk+1(z) = z(z-l)Pi(z), (k 2 0) we have

Pk+1(0) = Pk+l(l> = 0.
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Pra1(2) = By (D

1
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k(z) z -1 z
. 1 = Pl 1 =
. it follows that (z -~ l),Pk(l) Pk+1(1) or Pk(l) 1.
k+1
) ree =1 (kz0. O
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position 6.5. B (2) = (-1)"'B (1-2), (k = 1,2,3,...)

of. The proposition is true for k = 1 because Pl(z) =
1-z) = (1-2z)(-z) = z(z-1). Now suppose that the propos

k £ m. Then we have

m+1

Pm+l(z) z(z-l)P;(z) = z(z=1)(-1) P&(l—z)

m+2

2(z=1) (-1)™ %R (1-2) = (-1)™?p

m+1

the proposition follows by induction. [J
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osition 6.6, P ) =0, (k=1,2,3,...).

2k

)f. This follows immediately from proposition 6.5. []
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o I, _ k275 -
osition 6.7. Py (3) = (-1) % By

‘e Bk is the k-th Bernoulli number, defined by
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f(k)(x) = (—I)k {e-x _ 2ke—Zx ke-3x
it follows that (compare [3 , p. 4927 and [4 ,

2k-1"2 ol r
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osition 6.8.
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22 Ly 21 o

'f. This is a restatement of proposition 6.7. 0O

rk. The numbers c

).

k. p 1Ay be computed very quickl
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Table of Ck,r
NI 2 3 4 5 6
0 1
1 -1 1
2 1 -3 2
3 -1 7 -12 6
4 1 -15 50 =60 24
5 -1 31 -180 390 =360 120

erefore, Proposition 6.8 furnishes a direct method to comput

rnoulli numbers. For example

B, = + = ,
1722777
A N
2" -1 2 2 2 2
finition. The (Stirling) numbers bk,r (k = 1,2,3,,..: 1< r-

fined by means of the following factorial expansion of the f

ompare [6 , p. 901)

X = bk’]x + bkszx(x—]) + ..+ bk’kx(x—l)(x-Z)

is expansion is possible and is unique.
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n =
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=1,2,3,...3 2 T

+1).
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of. This follows easily from (6.2) [
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position 6.11. Oerl,r - %%, r-1 + T p o

of. This is an immediate consequence of proposit

vosttion 6.12. % r = ka,r

of. This follows from the observation that

the fact that o and b satiéfy the same re
k,r k,r

> propositions 6.9 and 6.11). [

»osition 6.13

k+1 r
_ (=1 r\ k+l
= ] (-nH* (n)n .

)f. Mathematical induction, using proposition 6.1

wosition 6.14. (compare [ 6, p. 226])
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nd the proposition follows from proposition 6.13. [J

roposition 6.15.

0of. This is an immediate consequence of propositions 6.8 and 6.13. [
Finally we prove

oposition 6.16. If p is a prime larger than 2 and if 2 < r < p-]

en cp-l,r 1s divisible by p.

oof. Since Coml,r = (-l)r—](r—l)! bp,r it suffices to show that plr!bp’r
» using proposition 6.14, that

n; (-1)“(Irl>np.
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r r
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ause of
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» applying FERMAT's theorem [ 2, P.63], the proposition follows. []
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